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I. HYBRID CODES
The simultaneous transmission of quantum and classical information over a quantum channel was initially explored in [1] , where it was shown that there exist an advantage in transmitting both quantum and classical information simultaneously compared to independent transmissions. This work has since been followed up by other groups [2] [3] [4] [5] .The construction of such hybrid codes has been developed from a coding theory perspective by [6] and from the OAQEC perspective by [7] .
An understanding of hybrid codes can be developed by first considering a trivial example and then a simple one. A two qubit system can be split into two identical one qubit systems, the first labelled 0 and the latter 1. The sender chooses one of the two qubits to send depending on which classical bit they want to send, and effectively transmits a single bit of classical information and a single qubit of quantum information. In this trivial case 2 unprotected qubits are converted to 1 unprotected qubit and 1 classical bit. A result of superdense coding [8] , it is known that 1 qubit of information can be converted to at least 2 classical bits, which is why such a hybrid construction is trivial.
A simple case would be to consider four states available to a two qubit system; |00 , |01 , |10 , |11 . These four states can provide two orthogonal sets of codewords, labeled with the classical bits 0 and 1 respectively.
This gives two codes which both can correct Z 1 errors. In this simple case 2 unprotected qubits are converted to 1 partially protected qubit and 1 classical bit. From one perspective, quantum error correction can be seen as a problem of trying to maximize the number of logical qubits that can be transmitted and the robustness of their protection while minimizing the number of physical qubits that are required. Hybrid codes add an additional * smajidy@uwaterloo.ca dimension that one may wish to maximize. This dimension is the amount of classical information being transmitted. Many other simple examples of hybrid codes can be found in [9] .
A. Coding theory perspective
The characterization and construction of hybrid codes was formulated from a coding theory perspective in [6] . A quantum error-correcting code that encodes k qubits into n qubits with a distance 
Using this notation we can describe three hybrid code constructions which do not provide an advantage over the independent solutions. First, given a quantum code, C = ((n, KM, d)), one can factor the code space into two subsystems of dimension K and M , and use these subspaces to transmit K dimensional quantum and M dimensional classical information seperately. This effectively sacrifices quantum bits for classical bits. A second trivial construction comes from assuming one already has a hybrid code
. A qubit can always be used to transmit classical information, making this construction trivial as well. Finally, given a quantum code
, which again would not provide any advantage. Our goal then, in developing hybrid codes is to find codes with better parameters than those provided.
A hybrid quantum code C = ((n, K : M, d)) can be described by a collection of M quantum codes {C (ν) : ν = 1, ..., M }, where ν is the classical information that determines which of the C (ν) is used. Each code has an orthonormal basis {|c ν i : i = 1, ..., K} and for each code to correct the linear span of errors E A each codes basis must obey the Knill-Laflamme condition [10] :
Equation 1 is different from the original Knill-Laflamme condition in that the constant α
kl depends on the classical information being transmitted as well. An additional condition these hybrid codes must satisfy is that each quantum code must also be simultaneously distinguishable from all others in the hybrid code to be able to retrieve the classical information. This provides a second error correction condition on hybrid codes
Equations 1 and 2 can be written succiently as
The proof for this condition is outlined in [6] .
B. OAQEC perspective
The operator quantum error correction (OQEC) is the predecessor to OAQEC [11] . OQEC is a unification of the standard model and the noiseless subsystems model of error correction. The standard model [12] [13] [14] [15] consists of the 3-tuple (R, E, C). This tuple consist of a quantum code, C, which can correct errors E by the action of a recovery operation R
If P C is the projection of a Hilbert space onto C then such an R exists for a given E = {E a } and C if
In the noiseless subsystem model [10, [16] [17] [18] [19] one considers the error set they wish to correct {E}. This error set generates an algebra A which is unitarily equivalent to a direct sum of full matrix algebras, A = J M mj , which can be written as J M mj ⊗ I nj . This decomposes the Hilbert space into a noisy and noiseless subsystem, elements in the noiseless subsystem, the noise commutant, will commute with A and be immune to errors. The information one wishes to protect is encoded in the noise commutant A ′ = J I mj ⊗ M nj . By defining the projection operators P kl = |α k α l | ⊗ I n , one can define a map into this noiseless subspsace with the following properties:
This can be further generalized since it is not necessary to protected the entire space ρ A ⊗ρ B , only ρ B . Thus instead of being confined to A ′ = I A ⊗ ρ B we consider the space U = ρ A ⊗ ρ B . Using the earlier defined projector, we define P k = P kk and can then define P U = k P k and P ⊥ U = I − P U . With these we can give three equivalent definitions for a noiseless subsystem:
The subspace H B is noiseless if it satisfies any, and thus all, of the above conditions. There exists such a semigroup U for a channel E if and only if:
OQEC consists of the 3-tuple (R, E, C). The noiseless subspace model is a specific case where R = I and the standard model is a specific case where C = U. In OQEC such a 3-tuple is correctable if
A necessary condition for the existence of such a U is
Moving from OQEC to OAQEC will require another generalization. In the Schrodinger picture our states are changing with time. Thus the expectation value of a fixed operator, A, acting on a system, ρ, which is experiencing an error, E i , is given by tr(AE i ρE † i ). Due to the cyclic properties of trace this equivalent to the expectation value of an operator which is experiencing an error acting on a fixed system tr(E † i AE i ρ). This form implies that the error is acting on the observable while the system stays fixed, this is the Heisenberg picture. For every trace preserving channel in the Schrodinger picture that acts on state ρ, there exists a corresponding dual map which is unital acting on the observable A.
In the Schrodinger picture a subspace was noiseless for a channel E if E(ρ A ⊗ρ B ) = ρ A ⊗σ B , equivalently a space is noiseless for an error channel E † in the Heisenberg picture if and only if P E † (X ⊗ I)P = X ⊗ I for all X which are observables. Where P is the projector of the Hilbert space onto the subspace A ⊗ B. This gives two equivalent definitions for a noiseless subsystem, when one is satisfied the other one is as well.
We say a set of operators S on H are conserved by E for states on some subspace H S if every element of S satisfies P E † (X a )P = P X a P . These observables can generate an algebra that we wish to protect from errors. This can equivalently be done via a theorem from [7] , which states: Let A be a subalgebra of L(H s ) A is conserved by E if and only if E a P commutes with every element of the algebra. This can be expanded to the subalgebra A being correctable for E if and only if P E † a E b P commutes with every element of the algebra for every combination of errors. This generalization , when now considered from the perspective of the Schrodinger picture, shows that the algebra A is correctable for E for subspaces of the Hilbert space H S if there exists a recovery operation R such that for any density operator which can be seperated into a sum of tensor products of operators in the seperate spaces, ρ = k α k (ρ k ⊗ τ k ) for k α k = 1 the following equation holds. (14) Not that for α 1 = 1 this reduces to the OQEC condition.
There exists such a correction operation if and only if for all a, b there are operators X abk ∈ L(B k ) such that:
C. Unified perspective
We now show that the coding theory perspective is a special case of the OAQEC formulation. The condition that each individual quantum code obeys the KnillLaflamme condition and that each codes codewords are distinguishable from one another are both given with equation 3.
The coding theory construction included three restrictions that do not exist in the OAQEC model. First, the error set in the coding theory construction is restricted to containing only unitary errors, particularly the Pauli channel. Second, in the coding theory model each quantum code is viewed as a subspace where the OAQEC model deals with subsystems. Finally, the coding theory model restricts each quantum channel to be of equal dimension. These three restrictions can be summarized as:
The coding theory error correction condition acts on codewords in Hilbert space while the OAQEC models acts on operators. In unifying these two models it is necessary to rewrite the coding theory condition in terms of operators. This can be done by considering the two equivalent forms of the regular Knill-Laflamme condition.
Either form can be used. With this, we can define the projector onto the hybrid codeword space as:
This projector can then be used to rewrite equation 3 as
Unlike the general Knill-Laflamme condition, α depends on the codewords so it must be included "with in" the projector on the right hand side of equation 16 . Consider substituting equation 16 into equation 17 .
By starting from the operator form and applying the two requirements outlined in having a hybrid quantum code we arrive at a condition similar to the regular KnillLaflamme condition but with α contained in the summations. Finally, if we consider the OAQEC model for the case where the entire space is correctable, namely that the noisy subspace is 1. Then equation 13 simplifies to:
D. The hybrid hamming bound
An important question in the discussion of hybrid codes is when hybrid codes will provide an advantage over codes which transmit quantum and classical information separately. Constructing the hamming bound for hybrid codes provides us with one means with which to compare the parameters of a hybrid and quantum code. The quantum hamming bound applies to non-degenerate codes with the error set consisting of the Pauli matrices. The bound is given by:
The bound can be reconstructed for hybrid codes. The quantum hamming bound is essentially a packing argument. The bound states that the total space available to the system of qubits must be greater than the total space the errors can map codewords to along with the amount of space taken by the codewords themselves. A code with n physical qubits will have 2 n orthogonal subspaces available. Some of this space will be used by the logical codewords themselves, and the rest can be used by the space that errors map these codewords to. A code with k qubits will have 2 k codewords. If the code can correct up to j errors then there are n j sets of locations where an error can occur. At each location any of the three possible Pauli errors can occur, giving 3 j possible errors for each set of locations. These errors can occur on any of the 2 k codewords. This gives a total of t j=1 n j 3 j 2 k possible errors. This gives the bound:
Which is the quantum hamming bound. A hybrid code with n physical qubits will also have a total of 2 n orthogonal subspaces available. For a hybrid code with M codes, there will be M 2 k logical codewords. Since each quantum code making up the hybrid code must correct the same error set, then the number of locations an error can occur and the number of possible errors does not change for the non-degenerate case. The number of codewords this error can occur on has changed though to M 2 k , thus the total number of errors which can occur is t j=1 n j 3 j M 2 k . Therefore the quantum hamming bound for hybrid codes is given by:
Thus a non-degenerate hybrid code can not provide an advantage over an equivalent quantum code. Therefore, degeneracy will be necessary for constructing non-trivial hybrid codes.
II. EXAMPLE
In this work we construct a degenerate hybrid code with parameters [ [4, 1 : 1, 2] ]. This code can detect the error set E = {X i , Y i , Z i , Z 1 Z 2 , Z 3 Z 4 } ∀i = 1, 2, 3, 4, or equivalent in can correct the given error set, given the location of errors are known. This hybrid code has codewords
Using the procedure outlined in... The following circuit encodes the above hybrid code. |ψ q is the quantum bit The quantum information is encoded in the second qubit and the classical information is encoded in the fourth qubit.
The decoding circuits for the hybrid code. A distance 2 code can detect errors or correct errors if the location of the error is known. With the location known the decoding circuits given can correct any single qubit error.
and |ψ c the classical bit. Since the code has d = 2, the code can detect errors or correct errors if the location is known. The following four circuits provide the decoding sequence for this code if an error occured on qubit 1, 2, 3 or 4 respectively.
III. CONCLUSION
In this work we outlined the characterization and construction of hybrid codes from a coding theory perspec-tive and from the OAQEC perspective. We then showed that the coding theory construction is a special case of the broader OAQEC model. In the coding theory construction there exists three practical restrictions; namely that the errors are elements of the Pauli group, each codeword is a subspace of a Hilbert space instead of being a subsystem and that the dimension of each of the quantum codes in a hybrid code are equal. We generalized the Hamming bound to the hybrid case, showing that it will be necessary for hybrid codes to be degenerate to provide an advantage over their strictly quantum counterparts. We have designed a hybrid code that transmits one qubit and one classical bit that detects any single Pauli error. We created a procedure for encoding quantum circuits, and used this procedure to create an encoding circuit for the codewords.
There has been no physical implementations of such hybrid codes in the literature. The circuit put forth in this work could provide as a first implementation. Also, continuing the discussion on hybrid bounds it would be of interest to develop the hybrid forms of other quantum bounds, particularly the quantum singleton bound and the quantum Gilbert-Varshamov bound.
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